Abstract. We provide examples of solutions to parabolic problems with nontrivial blow-up sets of dimension strictly smaller than the space dimension. To this end we just consider different diffusion operators in different variables, for example,
Introduction
Our main concern in this note is to find examples of blowing up solutions to parabolic problems which exhibit a nontrivial compact blow-up set of dimension strictly less than the space dimension.
For many parabolic equations it is well known that solutions develop singularities in finite time no matter how smooth the initial data are. A special case of this occurs if the L ∞ -norm of the solution goes to infinity in finite time, that is, there exists a finite time T such that lim t→T u(·, t) ∞ = +∞. This phenomenon is called blow-up and has been the object of active research in recent years; see the survey [5] , the book [8] and references therein. An important issue arising from the study of blow-up problems is the spatial structure of the set where the solution becomes unbounded, that is, the blow-up set. More precisely, the blow-up set of a solution u that blows up at time T is defined as
A problem which has attracted some attention in the literature is the identification of possible blow-up sets. There are several cases where the blow-up set is known to be a single point (single point blow-up), for example, for u t = ∆u + u p with p > 1 ( [1] ). Also, it can be a proper subset of the spatial domain of the same dimension (regional blow-up), for example, for u t = ∆u m + u m , with m > 1 (see [2] , [3] ) or the whole space (global blow-up), for example, for u t = ∆u m + u p with (1 < p < m) (see [8] ). Moreover, considering radial solutions for u t = ∆u + u p , it is easy to construct an example with blow-up set a sphere, B(u) = {|x| = R}. In addition, from the results of [10] and [11] , some regularity of the blow-up set is known for solutions of the above-mentioned equation u t = ∆u + u p . Hence, up to now, we have as possible blow-up sets: isolated points, the whole space, balls and spheres.
As we will show here, many other examples of blow-up sets are possible. For instance, we can find a parabolic equation with a solution with blow-up set a segment in
In general, given any dimensions N , M , there exists a solution to a parabolic problem in R N +M , with blow-up set a disc,
To construct these examples, we propose looking at the problems
with m > 1 and 
Note that this result provides examples of nontrivial blow-up sets of dimension smaller than the dimension of the ambient space.
Proof of the main result
Proof of Theorem 1.1. The proof of Theorem 1.1 is extremely simple. We just have to look for an adequate self-similar solution.
In the analysis of blow-up problems for parabolic equations that enjoy some scaling invariance, self-similar profiles are used to study the fine asymptotic behavior of a solution near its blow-up time. It often happens that the spatial shape of the solution near blow-up is close to a self-similar profile; see, for instance, [2] , [3] and [5] .
Accordingly, when dealing with our problems (1.1) and (1.2), we will consider self-similar solutions of the special form
y, t) = ϕ(x)ψ(y, t).
Let us begin considering (1.1). If u is a solution of the form (2.1), we obtain that ϕ and ψ must solve the following elliptic and parabolic problems, respectively:
Note that the former equation is the heat equation with a source given by the term ψ m , which has blowing up solutions if m > 1 for large initial conditions. Now, we just observe that the blow-up set of a solution u(x, y, t) of the form (2.1) is given by
where B(ψ) is the blow-up set of ψ. The set B(ψ) is known to be a finite set of points and generically a single point; see [1] and [6] , [7] , [9] . Hence, to find the desired set B(u), we need to identify the support of ϕ. The determination of this support is based on the fact that there exists a unique radial solution to (2.2) with ϕ m ∈ H 1 (R N ); see [4] . This fact is simple to prove, since looking for radial solutions reduces (2.5) to an O.D.E. problem. In one space dimension, N = 1, the solution is given by the explicit formula
In general, it holds that a solution of (2.2) (in the natural energy space H 1 (R N )) consists of a union of a finite number of separated copies of the radial profile centered at some points x 1 , ..., x j with |x i − x j | > 2L, where L is the radius of the support of the unique radial solution; see [4] .
Therefore, we conclude from (2.4) that there exists a solution to (1.1) with blowup set given by
A similar analysis can be done for solutions to (1.2). In this case, if we consider as we previously did a solution of the form u(x, y, t) = ϕ(x)ψ(y, t), we get that ϕ and ψ solve (2.5) ϕ(x) = ∇ x (|∇ x ϕ| p−2 ∇ x ϕ(x)) + ϕ p−1 (x), x∈ R N , and (2.6) ψ t (y, t) = ∆ y ψ(y, t) + ψ p−1 (y, t), (y, t) ∈ R M × (0, T ).
The last part of the proof runs exactly as before, noticing that compactly supported radial solutions to (2.5) are known to exist; see [8] .
